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INTRODUCTION

Rational algebraic expressions require students to reason about the structure of a numerator and
denominator rather than simply shorten a string of symbols. Successful simplification depends on recognizing
multiplicative factors, using valid polynomial identities, coordinating negative signs, and preserving
equivalence wherever the original expression is defined. A factor may be cancelled only when it is common to
the entire factored numerator and denominator; the original denominator’s restrictions must still be retained.
Studies on algebraic proficiency show that familiarity with symbolic procedures does not necessarily guarantee
structural understanding (Jupri & Sispiyati, 2020; Dhlamini, 2023; Tondorf & Prediger, 2022). A systematic
review similarly emphasizes the multidimensional nature of algebraic thinking (Sibgatullin et al., 2022). These
distinctions make intermediate steps, not just final answers, important evidence for classroom error analysis.

The distinction between a term and a factor is especially consequential for rational expressions. An
expression such as (x> — 4)/(x — 2) can be reduced by first rewriting its numerator as (x — 2)(x + 2), whereas
cancelling an x from two sums would not be legitimate. Even when the quotient becomes x + 2, the excluded
value x = 2 remains excluded because the original expression is undefined there. This example illustrates two
related requirements: every algebraic line must follow from a valid identity, and simplification must not quietly
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expand the expression's domain. Both requirements are relevant when interpreting a student's sequence of
written transformations.

Research on algebra learning has identified a range of difficulties associated with variables, equivalence,
representation, and transformation. Moru and Mathunya (2022) documented Grade 8 students’ errors and
misconceptions during the simplification of algebraic expressions, while Ardiansari et al. (2020) showed how
operational conceptions of equality may differ from relational ones. Chan et al. (2022) examined students’
understanding of equivalence using dynamic algebraic notation, and Castro et al. (2022) highlighted the
challenges of translating algebraic relationships across representational forms. Together, these studies suggest
that an apparently routine manipulation may fail when a student treats symbols as independent terms instead
of parts of a meaningful algebraic structure.

A second strand of research considers how algebraic reasoning becomes visible in student activity.
Erbilgin and Gningue (2023) traced meaning making across algebraic representations, whereas Chimoni et al.
(2023) distinguished demands associated with different forms of algebraic thinking. Chrysostomou and
Christou (2019) showed that algebraic activity involves interacting dimensions that should not be reduced to
answer accuracy. Studies of classroom problem solving further support distinguishing the selection of a rule
from its justified use (Kusuma et al., 2024; Wettergren, 2022). For rational expressions, this suggests
investigating where students first lose equivalence, particularly in factorization, distribution of signs, and the
cancellation of supposed factors.

This perspective also distinguishes an unfinished solution from a completed but non-equivalent solution.
A student who leaves an expression in a correct factored form has not necessarily made a mathematical error,
although the final presentation may be incomplete. By contrast, rewriting a sum as a product without an identity
to justify the change creates a substantive error even if a later answer appears compact. The distinction is
educationally meaningful because assessment based only on the last line can conflate incomplete work, invalid
transformations, and accidental correct answers. Accordingly, an analysis of intermediate steps can identify
the precise mathematical transition that deserves attention rather than treating every unsuccessful item as one
undifferentiated problem.

An error classification helps identify instructional priorities, but its interpretation must match the
evidence. Established error-analysis approaches distinguish technical mistakes, mathematical-language
interpretations, misused data, and distorted definitions (Radatz, 1979; Movshovitz-Hadar et al., 1987). The
seven categories reported here do not exactly reproduce either taxonomy. Written errors reveal invalid
transformations but not students' intentions or the causes of mistakes. Martinez Aguilera et al. (2022) illustrated
mathematical challenges within polynomial tasks, while Hoth etal. (2022) highlighted contextual interpretation
of student errors. Classroom discourse research also cautions against attributing mathematical difficulty to
language without relevant evidence (El Mouhayar, 2021). The categories therefore describe observable work,
not psychological or contextual causes.

Evidence from Congolese secondary classrooms is less prominent in the literature summarized above.
This study examines written responses of 28 Algebra I students from one rural school in the Democratic
Republic of the Congo. Two questions are addressed: (1) How many item responses were correct, erroneous,
or unanswered, and how were observed errors distributed across categories? (2) Which transformations
exemplified difficulties with factorization, signs, identities, and cancellation of factors? The contribution is a
context-specific descriptive account connecting aggregate frequencies to individual written examples. The
study neither compares rural and urban schools nor tests whether school location caused the errors.

METHOD

Design and setting

The study used a descriptive classroom error-analysis design. Quantitative summaries describe
frequencies of correct, erroneous, and unanswered item responses; qualitative examination of selected written
procedures illustrates the steps leading to invalid algebraic transformations. Data were collected in 2025 in one
Algebra I class at a rural secondary school in the Democratic Republic of the Congo. The design was not
intended to estimate national prevalence, compare schools, or provide causal explanations of student
difficulties.
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Participants and assessment

The study involved 28 students enrolled in the selected class who had previously received instruction on
algebraic expressions and factorization. The assessment comprised ten items targeting rational-expression
simplification. Students were asked to record intermediate procedures so that factorization, operations with
signs, algebraic identities, and factor cancellation could be examined alongside final answers. The assessment
created 28 x 10 = 280 student—item response opportunities. A blank answer was counted as unanswered rather
than assigned a particular algebraic error. The available study description does not establish independent
psychometric validation of the test, and the findings are presented as classroom-specific descriptions rather
than standardized proficiency measures.

For this study, the unit represented by a student—item response is important. Ten responses from the same
learner are not ten independent students, and an error within one item need not be repeated on another.
Consequently, the overall totals describe work opportunities under this specific assessment, not the proportion
of students with a stable misconception. Similarly, a blank answer provides information about task completion
but not the algebraic rule that the student would have selected. This distinction preserves the difference between
observable performance and inferences about knowledge that would require additional forms of evidence.

Coding and descriptive analysis

Each student—item response was first classified as correct, containing at least one algebraic error, or
unanswered. Erroneous written work was then described using one or more of seven labels: language or symbol
interpretation; prerequisite mathematical facts, skills, and concepts; incorrect association or rigidity; irrelevant
rules or strategies; misuse of data; distorted definitions or identities; and technical execution. Different invalid
steps within one response could receive separate codes. Observable examples include incorrect sign
distribution and factorizations that fail an expansion check. Although established error-analysis research
provides conceptual context (Radatz, 1979; Movshovitz-Hadar et al., 1987), these local categories are not a
validated diagnostic scale or an exact reproduction of either published taxonomy. The labels cannot
independently explain why students made particular mistakes.

The descriptive labels separate features that might otherwise be collapsed under the general term 'wrong
procedure." A technical-execution label concerns an invalid operation such as mishandling a minus sign; a
distorted-identity label concerns a proposed algebraic equality that does not hold; an irrelevant-strategy label
describes a rule applied where its required structure is absent. In practice, these characteristics can appear
together in one chain of work, so the category totals are not mutually exclusive at the response level. The
interpretation therefore emphasizes the mathematical justification for an assigned label rather than attributing
an internal cognitive state to a student.

Outcome percentages used 280 student—item opportunities as their denominator, whereas category
percentages used 228 coded occurrences. Item-specific percentages used the 28 participating students;
overlapping mistakes prevent adding category counts to obtain the number of distinct students affected. Only
the consistent seven-category totals were interpreted, without a separate severity-level comparison. Percentages
were rounded to one decimal place; no inferential tests were conducted.

This two-denominator approach is necessary for interpreting the percentages responsibly. Dividing a
category count by 228 answers how much of the coded-error total belongs to that label; it does not answer how
many of the 28 students made that error. Conversely, the 136 erroneous responses represent 48.6% of 280
opportunities, not 48.6% of the class. A student could contribute several responses and several coded
occurrences. Keeping those quantities separate prevents apparent precision from concealing differences in the
statistical unit being described.

Analytical boundaries and protection of student work

Analysis focused on response totals and written algebraic steps. Without interviews, a mistaken
transformation cannot reveal a learner's intention or its cause. Photographed excerpts are reproduced without
student names. Independent agreement among coders was not documented; the interpretation remains
descriptive rather than diagnostic.
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RESULTS AND DISCUSSION
Results

Response outcomes and the distribution of coded errors

Across 28 students and ten items, there were 280 student—item opportunities. Of these, 136 responses
(48.6%) contained at least one error, 106 (37.9%) were correct, and 38 (13.6%) were unanswered. The 136
erroneous responses contained 228 coded error occurrences because multiple errors could occur within one
solution. Thus, occurrences are not counts of individual students or separate incorrect responses. Table 1
summarizes the mutually exclusive outcomes; percentages may differ slightly from 100% when summed
because of rounding.

Table 1. Item-level outcomes in the 28-student, ten-item assessment

Outcome Responses % of 280
Correct 106 37.9
At least one error 136 48.6
Unanswered 38 13.6
Total 280 100.0

Technical execution was the largest coded category (55 instances; 24.1% of 228), followed by errors
associated with prerequisite mathematical knowledge (54; 23.7%). Misuse of data accounted for 30
occurrences (13.2%), and incorrect association or rigidity and distorted identities or definitions each accounted
for 26 (11.4%). Language or symbol interpretation occurred 19 times (8.3%); irrelevant rules or strategies
occurred 18 times (7.9%). The seven totals sum to 228, as shown consistently in Table 2 and Figure 1. These
are counts of coded occurrences, not diagnoses of individual learners.

The two largest categories together account for 109 of the 228 occurrences, or approximately 47.8% of
the error coding. This concentration makes accurate execution and prerequisite-related transformations useful
starting points for classroom diagnosis, but it does not imply that the other five categories are unimportant. For
example, an incorrect choice of an identity can trigger a technical-looking error in the following line. Frequency
ranking should therefore guide attention to common features of the recorded work, while the actual algebraic
sequence remains necessary for interpreting any individual response.

Table 2. Error occurrences by descriptive category

Reported error category n % of 228
Technical execution 55 24.1
Deficient prior knowledge 54 23.7
Misuse of data 30 13.2
Incorrect association or rigidity 26 11.4
Distorted theorem or definition 26 11.4
Fanguage F)r symbolic 19 23
interpretation
Irrelevant rule or strategy 18 7.9

Total 228 100.0

Figure 1 depicts coded occurrences rather than students. “Deficient prior knowledge” is a descriptive error
label, not an independent assessment of each student's previous learning. Likewise, the language or symbolic
interpretation category does not itself demonstrate language proficiency. These distinctions limit causal
interpretations of the frequency data.
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Technical errors 55 (24.1%)

Deficient prerequisite knowledge 54 (23.7%)

Misuse of data 30 (13.2%)

Incorrect association / rigid reasoning 26 (11.4%)

Distorted rules or definitions 26 (11.4%)

Language / symbolic interpretation 19 (8.3%)

Irrelevant rule or strategy 18 (7.9%)

0 10 20 30 40 50 60
Coded error instances (n = 228)

Figure 1. Seven error-category totals based on 228 coded occurrences. Multiple error categories may occur within one
student—item response.

Observable errors in selected algebraic transformations

Three item-specific patterns were documented with frequencies (Table 3). Because the same students may
appear in different categories, the figures are not summed across items. The photographed examples illustrate
where equivalence fails rather than how often those exact transformations occurred. Numerical summaries and
selected written examples therefore provide complementary evidence.

Table 3. Selected item-specific difficulties in the 28-student sample

Item Observable difficulty Students % of 28
(a) Incorrect factorization of the numerator 11 39.3
(a) Incorrect handling of a negative denominator 10 35.7
(h) Incorrect special-product / denominator transformation 14 50.0

Factorization and sign transformations in Item (a)
Item (a) asked students to simplify
x3+8
4 —x2

(M

Incorrect numerator factorization occurred in 11 of 28 students (39.3%), whereas 10 (35.7%) mishandled the
denominator's negative sign; these groups could overlap. The correct identities are

¥ +8=((x+2)x*-2x+4), 4—-x*=2-x02 + x). )
Cancelling the common factor x + 2 yields (x> — 2x + 4)/(2 — x), subject to the original restrictions x # —2 and
x # 2. In particular, x = —2 remains excluded even after cancellation.
The valid route through Item (a) can be written explicitly as

x3+48 _ (x+2)(xZ-2x+4) _ x?-2x+4
4 — x2 (2-x)(2+x) 2-x

;X F =2, x #F 2. )

The sign is controlled by retaining 2 — x rather than silently replacing it with x — 2; the latter replacement
requires an additional minus sign. The cancellation is legitimate because x + 2 is an entire multiplicative factor
in both the numerator and denominator. This worked route provides the mathematical benchmark against which
the photographed transformations can be understood.

Figure 2 shows two distinct breakdowns in equivalence. Panel (a) contains incorrect factorization and
inconsistent sign treatment before cancellation. Panel (b) initially uses the correct sum-of-cubes identity but
later replaces x? — 2x + 4 with (x — 2)2 This is invalid because (x — 2)? expands to x> — 4x + 4. The second
error therefore follows, rather than constitutes, a failure of the initial cubic factorization. Neither image
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provides a separate frequency: the reported 11 cases of incorrect numerator factorization should not be read as
the number making that particular square replacement.

(a) First written response to Item (a)

x3+8 (x4 (52 -u)

L
—x2+4 " .- (szllfq) (7_4"2_)

- —_——

(z-2) ~ (x2)

a)

(b) Second written response to Item (a)
= (x+2)(x2-2x+4)
—(x2-4)
(7Y (x?-2x+4) _ _ (x*-2)2x+4)
—(oe=T) (x 42 e
= —(x-2)(x-2) _ —(x-2)" _ —(%-2)
-2 xX-2

x3+8

. —x2+4

Figure 2. Original student solutions to Item (a): (a) incorrect factorization and sign handling; (b) invalid square
replacement after a correct sum-of-cubes identity. The original written steps are retained.

Squared expressions and distribution of subtraction in Item (h)
Item (h) asked students to simplify
1-b?
1+ bx)2 = (b +x)2’ )
For this task, 14 of 28 students (50.0%) displayed an error involving the squared-expression denominator.
Figure 3 provides two examples of incorrect expansion and sign distribution. The correct expansion is

1 + 2bx + b?x? — b? — 2bx — x2 = 1 — b2 — x? + b2%x% ®)

Panel (a) fails to preserve subtraction across the terms of the second square, while panel (b) shows related sign
difficulties. Since the photographed scripts use different item letters, the mathematical expression identifies
this task consistently.
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(a) Expansion of a difference of squares

= he
i
(1+ bx)? - (b +x)?

- )4
| + bzx2 b X /7 ¥ Le signe (+) est (-)

(b) Incorrect distribution of subtraction

1 1-b2 52 . X
h) S - ]
- bx)2—(b+x)2 :
t e g 265 Bx)(E b2 x gbx +x*)

=5

:
L xR x®
T s

Figure 3. Incorrect transformations of the denominator (1 + bx)? — (b + x)?, illustrating failures to distribute subtraction
and preserve equivalence. Correct expansion: 1 —b? — x2 + b?x2

The denominator in this task can be checked without guessing a factorization. Expanding the two
complete squares gives

(1 + 2bx + b%x?) — (b + 2bx + x?), (6)

which simplifies to 1 — b? + b*x? — x2. Collecting terms then yields (1 — b?)(1 — x?). A frequent hazard in this
kind of expression is to distribute the subtraction sign only to the first term of the second bracket. Doing so
changes the coefficients of the remaining terms and invalidates the equality before any cancellation occurs.
The expansion provides a direct way to locate the first unsupported step.

The denominator factors as

[(1+ bx) — (b + 0)][(1+ bx) + (b + 2] =(1-b5)1A - x?). @)

For real variables, the original expression requires b # +1 and x # +1. Only on that domain is the fraction
equivalent to 1/(1 — x2); cancelling 1 — b? does not restore excluded values. The errors occurred before an
equivalent product or expansion was established. Their instructional significance lies in applying identities to
complete expressions, distributing subtraction consistently, and preserving domain restrictions.

Factor recognition and invalid cancellation in another polynomial expression
Two further student responses (Figure 4) concern

p@+ )@ -4

Ty ®
Correct identities are p° — ¢*=(p —Q)(P* + pqt g and p>— ¢*=(p — qQ)(p + q). With p # q and p # —q, the
expression simplifies to

P(*+pq+a®) )

p-q

The photographs illustrate attempts to rearrange or cancel factors without consistently maintaining equivalent
factorizations. In these examples, checking products by expansion is essential before removing common
factors. No item-specific prevalence percentage was available, so the two responses are treated as mathematical
illustrations only.

Ar-Riyadhiyyat: Journal of Mathematics Education, Vol. 7, No. 1, July 2026: 40-51 46



Cédric Lukaku

This example illustrates why a visually similar string of factors is not enough to justify cancellation.
The numerator includes a cubic difference, while the denominator combines a linear difference and a quadratic
difference; their factorizations must be developed independently before common factors can be identified. The
factor p? + pq + q? arises from a difference of cubes, not from a difference of squares. Retaining p # q and p #
—q is also essential because those values made the original denominator zero. Thus, correctness depends on
both the identity used and the domain on which the resulting expression is asserted to be equivalent.

The identity can be checked directly:

- ® +pa+q)=0p"-7, (10)
whereas
® — @ —pq +q*) =p* — 2p*q + 2pq* — ¢°. (11)
Only the first factorization preserves equivalence, so subsequent cancellation must begin from that valid
product.

(a) Factoring and cancelling polynomial factors

d) p(p+9)(p°-9°) _ p*+pq +(p-9)(p*-pq +4?)
(P-9)(p*-9*)  Lp-9)(p*=
=P tpe

(b) Reorganization of a difference of cubes

I - p+a)@3—-q*) _
| (P—)(P?—aq?)
l

&3

‘ - |
¢ ' Lo

Figure 4. Student work involving differences of cubes and squares: (a) incorrect identification of a cubic factor; (b)
attempts to rearrange and cancel factors without an equivalent factorization. No separate prevalence estimate is assigned.

Discussion
Why technical and prerequisite-related errors dominate

The principal classroom finding is the concentration of coded errors in technical execution and
prerequisite-knowledge-related transformations. These two categories represent 109 of 228 occurrences
(47.8%), not 47.8% of students. The 136 erroneous responses among 280 opportunities (48.6%) add a distinct
observation: almost half of the item-level responses contained an invalid step or conclusion. This pattern is
compatible with Moru and Mathunya's (2022) analysis of algebraic-expression errors and Dhlamini's (2023)
account of incomplete recognition of algebraic structure. However, the written solutions cannot establish
whether particular students lacked a prerequisite concept, knew it but applied it inaccurately, or made isolated
execution mistakes.

A useful interpretive distinction is whether an invalid line reflects the selection of an unsuitable
mathematical relationship or the execution of an otherwise suitable operation. The first possibility is visible
when terms are grouped as if they formed an identity that does not apply. The second is visible when a correct
identity is selected but a negative sign is lost during expansion. Both can eventually yield an incorrect answer,
yet they invite different instructional questions. The study's aggregate codes cannot settle this distinction for
every response; the selected scripts demonstrate why examining the intermediate equalities remains
indispensable.
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Technical mistakes and structural misunderstandings can produce superficially similar answers. In Figure
2, one student used incorrect factorization and sign treatment, whereas another began with a correct cubic
identity but then substituted an invalid square. Describing both as generic procedural failures would obscure
the precise step where equivalence ceased to hold. Research on symbol sense distinguishes routine
manipulation from recognizing structure (Jupri & Sispiyati, 2020). Tondorf and Prediger (2022) likewise
suggested connecting equivalent representations instead of leaving equivalence implicit in memorized
transformation rules. This supports an approach in which written solutions are inspected line by line, rather
than evaluated only through their final answers.

Equivalence as the common mathematical issue

The selected examples share a precise mathematical feature: a transformation ceases to preserve
equivalence. In Item (a), the valid sum-of-cubes identity is followed in one response by an invalid square
replacement; in the squared-denominator task, subtraction is incorrectly distributed; and in the expression
involving p and q, factor cancellations lack valid equivalent forms. Students may therefore benefit from
comparing term-level operations with factor-level transformations and testing an identity by expansion or
permitted substitutions. Ardiansari et al. (2020) documented difficulties in relational understanding of the equal
sign, while Chan et al. (2022) and Qetrani et al. (2021) examined instructional approaches emphasizing
equivalence. These studies support greater explicit attention to equivalent forms but cannot establish the
particular cognitive sources of the errors observed here.

Equivalence also has a domain component that is sometimes overlooked in school simplification
exercises. Two displayed formulas may agree for every value at which the original rational expression is
defined while having different apparent domains when written in isolation. Cancelling a common factor can
remove a visible denominator restriction from the final formula, but it does not make the original fraction
meaningful at the excluded value. Asking students to state those exclusions can connect procedural cancellation
with a relational account of what an expression represents. This is a mathematical teaching implication of the
worked examples, not an outcome measured by the assessment.

Algebraic representations can also be read as expressions of relationships rather than as notation to
manipulate mechanically. Castro et al. (2022) described difficulties in translation among algebraic statements,
and Erbilgin and Gningue (2023) showed how meaning making depends on the mathematical objects and
representations present in a task. Chimoni et al. (2023) similarly analyzed different demands of algebraic
thinking. In the present data, the full written steps make it possible to distinguish errors of expression structure
from omitted answers. Importantly, unanswered items were reported separately; an empty response cannot be
assigned to any of the seven error categories without additional evidence.

Implications for diagnostic instruction

Three instructional priorities follow from the observed work. First, students can practise identifying whole
common factors before cancellation, including differences of squares and sums or differences of cubes. Second,
negative-sign distribution should be justified across every term in a parenthesized expression. Third, a proposed
simplified expression should be checked against its original form through expansion and attention to
permissible values. These proposals are consistent with the teaching approaches discussed by Barana (2021),
Eroglu (2023), and Jamil et al. (2025). They represent plausible responses to visible error patterns, not
interventions evaluated in this dataset, and require subsequent testing before effectiveness can be claimed.

One possible diagnostic sequence begins with a pair of adjacent solution lines and asks learners to decide
whether the equality is valid. They can then name the relevant identity, reverse the proposed factorization by
multiplication, or substitute a permissible numerical value to test the claim. A second task can juxtapose
cancelling a common factor with illegally cancelling matching terms inside sums. For squared expressions,
students can compare expansion before and after distributing a negative sign. These activities address the
observed mathematical features directly, although their effectiveness would need to be evaluated in a separate
instructional study rather than inferred from the present frequencies.

For teachers, the most informative question may be “Which algebraic equality stopped being valid, and
why?” rather than “Which final answer is wrong?” Research on teacher noticing underscores the importance
of recognizing the mathematical features of students’ errors before designing a response (Hoth et al., 2022).
The evidence from the present class is sufficiently detailed to propose focused remedial tasks, but it does not
establish that any one instructional sequence will improve outcomes. A subsequent study could directly test
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such activities using comparable items, documented scoring criteria, and a pre-specified analysis of students’
changes in algebraic reasoning.

Context and limitations

This study describes a single class at a rural Congolese school. School resources, instructional time,
socioeconomic conditions, and language proficiency were not measured, and no comparison school was
included. Accordingly, rural location cannot be established as a cause of the errors. El1 Mouhayar (2021)
emphasized the importance of interpreting language use within classroom interactions. The 19 coded
language/symbol interpretation occurrences therefore should not be read as evidence that 19 students had
language difficulties. The school setting specifies where the solutions were produced, not why individual
algebraic steps failed.

Methodological limitations also constrain interpretation. A single class of 28 students cannot represent a
national population. The ten-item assessment examined written products without student interviews or think-
aloud evidence to verify reasoning. The seven category totals sum to 228 occurrences, but the available
reporting does not include a complete item-by-category matrix, a detailed coding manual, or independent
estimates of inter-coder agreement. Consequently, no firm claim about the causes of particular errors or
reliability of fine-grained coding distinctions is warranted. Further studies should publish complete item sets
and anonymized coding protocols, check coding agreement, sample more schools, and examine learners' verbal
explanations.

Future reporting could strengthen reproducibility by distinguishing the number of responses receiving
each label from the number of occurrences when several invalid steps appear in one response. A response-by-
item matrix would also show whether errors cluster on particular tasks without conflating item difficulty with
the number of codes assigned. An explicitly described coding process, accompanied by worked examples and
independent review where feasible, would clarify how borderline transformations are classified. Such
improvements would address measurement transparency; they would not, on their own, establish causation or
make a single-school sample representative of a broader population.

CONCLUSION

The study examined 280 item-level responses from 28 Algebra I students in one rural Congolese
secondary-school class. Of these, 136 (48.6%) contained at least one error, 106 (37.9%) were correct, and 38
(13.6%) were unanswered. Among 228 coded occurrences, technical execution (55; 24.1%) and prerequisite-
knowledge-related errors (54; 23.7%) were most frequent. The photographed solutions illustrate non-
equivalent transformations involving factorization, negative signs, identities, and cancellation. In particular,
correct simplification requires recognition of complete factors and preservation of the original denominator's
restrictions. These are classroom-specific descriptions, not proof of the causes of errors or their prevalence
among Congolese students generally. Instruction can emphasize structural recognition, valid identities, and
explicit equivalence checks, but the effectiveness of targeted activities requires further research. Broader
samples, complete coding records, and student explanations would strengthen future investigations.

More broadly, the study illustrates why careful inspection of intermediate equalities offers information
that final-answer scoring alone can miss. It also shows why that additional descriptive detail must be matched
by restraint in interpretation: a category count summarizes an analyst's classification of visible mathematics,
not a direct measurement of a learner's internal reasoning. The next research step is therefore not simply to
record more erroneous answers but to connect well-documented written procedures with students' explanations,
reproducible coding decisions, and comparative evidence from different classroom settings.
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      x 3   +   8  4   −     x 2 .


    x 3   +   8   =   ( x   +   2 ) (   x 2   −   2 x   +   4 ) ,       4   −     x 2   =   ( 2   −   x ) ( 2   +   x ) .


      x 3   +   8  4   −     x 2   =     ( x   +   2 ) (   x 2   −   2 x   +   4 )  ( 2   −   x ) ( 2   +   x )   =       x 2   −   2 x   +   4  2   −   x ,       x   ≠   − 2 ,     x   ≠   2 .


    1   −     b 2    ( 1   +   b x ) 2   −     ( b   +   x ) 2 .


  1   +   2 b x   +     b 2   x 2   −     b 2   −   2 b x   −     x 2   =   1   −     b 2   −     x 2   +     b 2   x 2 .


  ( 1   +   2 b x   +     b 2   x 2 )   −   (   b 2   +   2 b x   +     x 2 ) ,


  [ ( 1   +   b x )   −   ( b   +   x ) ] [ ( 1   +   b x )   +   ( b   +   x ) ]   =   ( 1   −     b 2 ) ( 1   −     x 2 ) .


    p ( p   +   q ) (   p 3   −     q 3 )  ( p   −   q ) (   p 2   −     q 2 ) .


    p (   p 2   +   p q   +     q 2 )  p   −   q .


  ( p   −   q ) (   p 2   +   p q   +     q 2 )   =     p 3   −     q 3 ,


  ( p   −   q ) (   p 2   −   p q   +     q 2 )   =     p 3   −   2   p 2 q   +   2 p   q 2   −     q 3 .

